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Goal of This Lecture

Lay the structural foundation for classifying finitely generated abelian groups.

Target theorem (stacked-basis / subgroup theorem). Let F' be a free abelian group of ranknand K < F'a
subgroup. Then there exists a basis {1, ..., x,} of F and positive integersd; | dy | - -+ | ds (s < m)such
that {d121,...,dsxs} is a basis of K.

Roadmap.

1. Understand free abelian groups Z" — basis, rank, universal property.
2. Study subgroups K < Z™ — the subgroup theorem.
3. Next lecture: uniqueness of d;, Smith Normal Form, the Fundamental Theorem of F.G. Abelian Groups,

applications.



Free Abelian Group: Definition

Definition. An abelian group F' is free abelian on a set S C F'if every element of F'is uniquely expressible
as

E ng - S, ns € 7, finitely many nonzero
seS

S is called a basis for F'.

Standard example. Z" = {(a1,...,a,) | a; € Z} is free abelian on
e1 = (1,0,...,0), e2 = (0,1,0,...,0), ..., e, =(0,...,0,1)

Every element has a unique expression Y a;e;.



Non-Examples

Definition. g € A is a torsion element if ng = 0 for some n 7 0. The torsion subgroup is T'(A) = {g :
ng = 0 for some n # 0}. A is torsion-free if T'(A) = 0.

7./n7Z is not free abelian: n - 1 = 0 — torsion relation on 1.
Q is torsion-free but still not free abelian — it has no basis at all:
= One element a # 0 generates only aZ, missing e.g. a/2.

= Two nonzero elementsa = p/q, b = r/s always satisfy qr-a = pr = ps-b,soqr-a—ps-b=10

is a nontrivial Z-linear relation.



Universal Property of Free Abelian Groups

Theorem. Let F' be free abelian on S. For any abelian group A and any function f : S — A, thereisa
unique group homomorphism f : FF — A extending f.

Concretely: f(z nss) = > nsf(s).
Slogan: free abelian groups are defined by extending any function on the basis linearly.

This makes F' the "most general" abelian group generated by S — no relations except those forced by the

abelian axioms.



Rank and the Structure of /4"

Proposition. F'is free abelian with a basis of sizen <— F = Z".
Proof. (<) Z" has basis {e1,...,en}. v

(=) Given basis S = {s1,...,8,}, define p : Z" — F by ¢(e;) = s; (using universal property).
Uniqueness of expansion makes ¢ a bijection. []

Theorem (Rank is well-defined). Z™ & 7" <— m = n.

Proof. Mod out by 2. For any abelian group A, the quotient A/2A is a well-defined [Fa-vector space (every

element satisfies 2 = 0). Isomorphic groups give isomorphic quotients, so |A/2A| is an invariant of A.
For A=7™: 2A = (2Z)"™,so A/2A = (Z/27)™, a group of order 2™.
If Z™ = 7" then 2™ = |A/2A| = 2", hencem = n.[J

Definition. The rank of a free abelian group is the size of any (hence every) basis.



Subgroups of Z

Warm-up (from Lecture 1): every subgroup of Z has the form dZ for some d > 0.

In particular:

= Every nontrivial subgroup is isomorphic to Z (i.e., free abelian of rank 1)
= The inclusion dZ — Z is given by multiplication by d
= The quotient Z/dZ is the cyclic group of order d

This is a model for the general picture: subgroups of free abelian groups are themselves free abelian, and
the quotients have a clean structure.



Subgroups of Z"

Theorem. Let K < Z" be a subgroup. Then:

1. K is free abelian of rank m < n.

2. There exists a basis v1, . . . , U, of Z™ and positive integersdy | da | - -+ | dp, such that dyvy, ..., dpVp, is
a basis of K.
The integers dy, . . ., d,, are called the invariant factors of K in Z", and they are unique.

Consequence: the quotient

7"/K 27/d1Z.&---®L/dnZ & L™ ™



Geometric Picture: Parallelogram Area = Index

72 is a square lattice. A rank-2 sublattice K = (v1, v2) is another lattice; its fundamental parallelogram P

tiles the plane by translates from K.

Example. v1 = (2,1),v2 = (1, 2):

2 1
det(1 2)—3.

Three cosets of K in Z?2, represented by the integer points of the half-

open parallelogram:

(0,0), (1,1), (2,2).

General fact. For K < Z" of full rank with basis v1, . . ., Uy:

Z" : K] = |det[vy | -+ | v,]| = Vol(P).

After Smith Normal Form, Vol(P) = dids - - - d,,.



Key Lemma: Basis Replacement

Lemma. Let {x1, ..., 2, } be a basis of a free abelian group F'. Forany t € Z and i # j, the set

{2131, covs i1, Tj 125, Tiga, ... ,xn}

is again a basis of F.
Proof. Generates: £; = (—t)x; + 1 - (x; + tx;), so the original basis is recoverable. v/

Linearly independent: suppose
nizy + - +nj(z; +te;) + - -+ npz, = 0.

Regrouping gives nixy + - -+ + (n; + njt)z; + - - - + njz; + - - - = 0. Basis independence of {z; } forces
n; = 0and n; + n;t = 0, hence n; = 0, and all other n, = 0.

Slogan. A Z-linear column operation on the basis. The analogue of C; <— C; + tC; in matrix row-reduction

—and, as we'll see next, precisely an elementary matrix actingon B = [z | - -+ | 2y,].



Elementary Matrix Viewpoint

Arrange a basis of F' = Z" as the columns of a matrix
B = (@1 |32 |- | @n] € My(Z).

Bisabasis <= BisinvertibleoverZ <= B € GL,(Z) (i.e.det B = £1).

The basis-replacement lemma in matrix form. Adding t times column % to column 7 is right-multiplication by

the elementary (transvection) matrix

no \

ii(t) = In"—teie—; = (tatentry (z,]))

\ 0,

Then B - Eij(t) has the desired new column x; + tx;, with all other columns unchanged.




Change of Basis = GL,(Z)
Key facts. det Eij(t) = ]., SO Eij(t) € SLn(Z), and Eij (t)_l = EZ(—t)

Generators of GL,,(Z). Every U € GL,(Z) factors as a product of:

Generator Column operation

Transvection Ej; (t) C; <+ C;+tC;
Permutation P, Swap columns
Sign flip diag(£1,...,+1) Negate a column

Upshot. Changing basis of Z" <= right-multiplication by some U € GL,,(Z) — exactly the column
operations used in Smith Normal Form.



Subgroup Theorem: Proof Strategy

Goal. Build a basis {z1, . .., x,} of F and positive integers dy | - - - | ds so that {dy 21, ...,dszs} is a basis
of K.

Setup. Fix any basisY = {y1,...,yn} of F. Every nonzero element of K has a unique expansion
kiy1 + koys + - - - + kny,, some k; #~ 0.

Key idea (minimality). Over all choices of basis Y of F' and all nonzero elements of K, the set of positive

coefficients |k;| that appear is a nonempty subset of Z~( — so it has a minimum dj.

Pick a basis Y7 achieving this minimum, and (after reindexing) pick w; € K with

w; = d1y1 —+ kzyg —+ e 4 knyn, di; > 0 minimal.



Step 1: Producing dix1 € K

Divide each k; by di: write k; = d1g; +7jwith 0 <r; <dy (j =2,...,n).Then

wy =dy (Y1 + @y + -+ @uYn) + ToYs + -+ - + T Yn.

\ 7

=i I
Claim: {x1,¥2,...,Yn} is a basis of F.

Reason. Apply the basis-replacement lemma n — 1 times: 1 was built by adding integer multiples of

Y2, .. Yntoyr. v
Claim:rg =--- =17, =0.

Reason. In the new basis, w; = dyx; + roys + -+ + 1y, € K. lf somer; > 0,thenr; < d; is a strictly

smaller nonzero coefficient of an element of K — contradicting the minimality of dy. [

Conclusion. dyz1 € K, and {x1,Y2,...,Yn} isa basis of F.



Step 2: Recursion and d; | d>

Any k € K expandsas hixi + koys + - - - + knyn. Writing h1 = d1q + r, minimality of dy forcesr = 0,
so hy € diZ. Subtracting q - (d121) shows

koys + -+ + knyn € K.

If every such residual is 0, then K = <d1w1> and s = 1. Otherwise, repeat the minimization on residuals:
over bases {1, Y2, - - - , Yn }, pick the minimum positive |k;| appearing in a residual. Call it da, and
(reindexing) obtain wy = dayo + k3ys + - -+ € K.Asin Step 1, build 5 with dexy € K.

Why d; | dy. Writedy = d1g + 7,0 < r < dy.The set {z1 + qx5, T2, Y3, - - ., Yy, } is a basis (Lemma), and
dix1 + doxs = dl(a}1 -+ qazg) +rxy € K.

If r > 0, then r < dj is a smaller coefficient — contradicting the minimality of dy. Hence 7 = 0, i.e. d; | da.
[]



Conclusion of the Proof

lterate. At step 4, we have a basis {1, ..., %, Yi+1,---,Yn} of F withdyz1,...,d;z; € K andd; | do |
-+ - | d;. Either every element of K with zero 1, . . . , &; components vanishes (stop), or we produce
d; 1, ;11 with d; | d; 1 as above.

Each iteration strictly decreases the rank of the residual lattice, so the process terminates after some s < n
steps with a basis

{z1,...,Ts,Yst1,---,Yn} Of F, {diz1,...,dsxzs} abasis of K. []



Summary

Concept Key result

Free abelian group F with basis S: every element uniquely Y nys, ngs € Z

Universal property Any f : § — A extends uniquely to a homomorphism F' — A

Rank is well-defined |A/2A|is intrinsic; for A = Z™ it equals 2"

Subgroups of Z" Every K < 7" is free abelian of rank < n

Stacked basis theorem Basis {Z1, ..., &, } of F with {dyx1,...,dszs} abasisof K,dy | --- | d
Proof technique Minimality of coefficient + division algorithm + basis-replacement lemma
Geometry [Z" : K| = |det| = Vol(P) for full-rank K

The setup. The study of subgroups of Z™ is essentially linear algebra over Z — with the crucial subtlety that
we can no longer divide.



Looking Ahead

Next (Lecture 6): the classification of finitely generated abelian groups and its applications.

= Uniqueness of the invariant factors d; — they are intrinsic to the quotient F'/ K.

= Smith Normal Form — an algorithm that turns any integer matrix into U DV with D = diag(dy, ..., d,)
andd; | --- | d,.

= Fundamental Theorem — every finitely generated abelian group decomposes as Z" & @ Z/d;Z.

= Applications — (Z/nZ)*, finite subgroups of a field, elliptic curves and BSD.



Homework (Lecture 5)

Exercise 1. Show that the torsion set T'(A) = {a € A : na = 0 for some n # 0} is a subgroup of an
abelian group A, and that A/T'(A) is torsion-free.

Exercise 2. Let M be the n X n integer matrix whose columns are 1, ..., T, € Z". Prove that

{z1,...,x,}is a Z-basis of Z™ iff det M = +1.

Exercise 3. Prove that Z™ 2 7™ @& T whenever m > n and T is a finite abelian group. (Hint: pass to the
quotient by torsion; then use the A /2 A argument to distinguish Z"™ from Z".)



Questions?



