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Division, Evaluation Kernels, and Root Bounds



Definition: Zeros
Let F be afield, let E be a field with F' C E,andleta € E, f € Flz].

The element a is a zero of f if
eva(f) = 0.
Equivalently, if fg : E — E is the polynomial function defined by f, then



Example: Computing Zeros
In Q[z], let

f=a>+z—6.
Then
frR(2)=2*+2-6=0.
Thus 2 is a zero of f over R.
2’ +1 € Q[z]

has zero 7 over C, but not over Q.



Theorem: Division Algorithm

Let R be a commutative ring with unity.

If g € R[z] has leading coefficient a unit, then for every f € R|x] there exist unique ¢, € R[] such that
f=qg+r, r =0or degr < degg.

In particular, division by any monic polynomial works over any commutative ring.

Over a field, every nonzero leading coefficient is a unit, so division by any nonzero polynomial works.



Proof: Division by a Unit Leading Coefficient

Letg = uz? + lower terms with u € R*.
If deg f = m > d and the leading term of f is cx™, subtract
u—lxm—d

c g.

This cancels the leading term of f and lowers the degree.
Repeating gives f = qg + r with degr < d.

Uniqueness follows because multiplying by g raises degree by d.



Theorem: Kernel of Evaluation

Let R be a commutative ring with unity and leta € R.
evy: Rlz] - R

Then

ker(evy) = (xz — a).




Proof: Kernel of Evaluation

By division by the monic polynomial £ — a, write
f=aq@)(z—a)+r
withr € R.

Evaluating at a gives

So f € ker(ev,) if and only if 7 = 0.

Thisis exactly f € (z — a).



Corollary: Factor Theorem

Let R be a commutative ring with unity,a € R, and f € R|z].

Then

fla)=0 <= fe(z—a)

aisazeroof f <+

x — a divides f.




Lemma: Root Ideals over a Field
Let F' be afield and leta; # a; in F.

Then
(@)@ =]
Indeed,
(x—a;) — (z—a;) =a; —a; € F*.

Sole (x—a;)+ (z—aj).



Lemma: Comaximal Ideals

Let I, J be ideals in a commutative ring R.
Definition. I and J are comaximalif I + J = R.

Lemma. If I + J = R, then

INJd=1J.



Proof: Comaximal Ideals

It is always true that

IJCInd.
For the reverse inclusion, choose u € I and v € J with

u+v=1.
fx € INdJ,then

z =z(u+v) = zu + 2v.

Herexu € JI = IJandxzv e IJ,sox € 1J.



Proof: Pairwise Comaximal Case

Assume I, ..., I are pairwise comaximal.

By induction, set

k-1 k-1
p=][5L=)I
i=1 i=1
Foreach i < k, choose
u; € I, v; € Iy, u; +v; = 1.
Expanding HKk(u, + v;) = 1 shows

1€ P+1,.

So ﬂle I; = Hle I;.



Theorem: Root Bound over a Field
Let F' be afield and let 0 # f € F[z] have degree n.

Then f has at most 1 zeros in F'.

Ideal translation:

aisazeroof f <= (f)C (z—a).



Proof: Root Bound over a Field

Suppose aq, ..., ay are distinct zeros of f.

Then
k
fe)=—a).
i=1
The ideals (z — a;) are pairwise comaximal, so
k k k
ﬂ(w —a;) = H(x —a;) = <H(a: — ai)) :
i=1 i=1 i=1

Hence [[;(x — a;) | f.sok < deg f.
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Fraction Fields and Localization



Definition: Fraction Field

Let D be an integral domain.

The fraction field of D is

Frac(D) = {% ta,be D, b;é()}/w,
where
a €
>4 <= ad=bc.
Operations are defined by
COCINNC 'k ORI
b d  bd ’ b d bd

There is an injective ring homomorphism

D — Frac(D), a— —.



Example: Fraction Fields

The standard example is
Frac(Z) = Q.
If F'is afield, then
Frac(Flz]) = F(z),

the field of rational functions.

This construction is possible because D has no zero divisors.



Fraction Fields as Localization

Let D be an integral domain and let
S =D\ {0}.
Then
Frac(D) = S™'D.

That is, the field of fractions is obtained by making every nonzero element of D invertible.



Definition: Multiplicative Set

Let R be a commutative ring with unity.

Definition. A subset S C R is a multiplicative set if:

1.1€85;
2. forall s,t € S,the product st € S.

Examples.

= S =D\ {0} for D an integral domain.

= S={1,f,f% f3...}forany f € R.
= S =R\ pforaprimeidealp C R.

Non-example. R \ {0} for R = Zg is not multiplicative: 2 - 3 = 0.



Definition: Localization

Let R be a commutative ring and let S C R be a multiplicative set.

The localization S~ R consists of formal fractions
- (reR, sels),

with the usual fraction rules.

Every element of S becomes a unitin S~!R.



Universal Property of Localization

Let ¢ : R — A be a ring homomorphism such that p(s) € A* forevery s € S.
Theorem. There exists a unique ring homomorphism

p:STR— A, p(r/s)=p(r)e(s)
with @ o v = .

Interpretation. ¢ : R — S~ 1R is initial among ring homs from R that send S to units: S~ R is the smallest
ring obtained from R by inverting S.



Universal Property of the Fraction Field

Let D be an integral domain and let ¢ : D — K be an injective ring homomorphism into a field K.

Theorem. @ extends uniquely to a ring homomorphism
@ :Frac(D) = K,  @(a/b) = p(a) p(b) "

Thisis the case S = D \ {0} of the previous slide; injectivity ensures ¢(S) C K*.

Frac(D) is the smallest field containing D.



Examples of Localization

Ring Multiplicative set Localization
Z 7\ {0} Q

Z L35 oo Z|1/p|
Ft] {1,¢,¢%,...} Flt, t7!]
Flz] {9 : g(a) # 0} Flz](z—q)

Localization remembers which denominators are allowed.



Definition: Extension and Contraction

Localization map: ¢ : R — SR r— r/1.

Extension. For anideal I C R:
S'I={a/s:acl, scS}CS'R.
Contraction. For an ideal J C S7'R:
T ={rcR:r/1cJ}CR.

Both are ideals.



Proposition: When Extension Collapses
Proposition. ™' = S~'Rifand onlyif I NS # 0.

(<):ifaeINS thenl=a/a e SI.

(=):if1/1 =a/switha € I, s € S, the equivalence relation gives u € S with us = ua.Thenua € I N
S.

Slogan. Ideals meeting S get killed; ideals disjoint from S survive.



Theorem: Prime Ideal Correspondence

Extension and contraction give mutually inverse bijections

{p C Rprime, pNS =0} < {primesof S 'R}.
Forward: p — S_lp. Inverse: q — L_l(q).
Order-preserving: p; C ps <= S~ 1p; C S~ 1p,.

Maximal among survivors on the left <+ maximal on the right.



Proof: Prime Correspondence

Extension preserves primality. Suppose (a/s)(b/t) € S~'p. Write as ¢/r withc € p,r € S.The
equivalence relation gives w € S with wr - ab = wc - stin R.

The right side lies in p (since ¢ € p), sowr - ab € p.Butwr € Sandp NS =0, sowr ¢ p.
Primality forces ab € p, hencea € porb € p.

Mutual inverses. Routine equivalence-class checks: ¢t 7 1(S™1p) = pand S71(:71q) = ¢.



Geometric Reading via Spec

Prime spectrum.
Spec(R) = {p C R : p prime}.
Prime correspondence says
Spec(S'R) = {p € Spec(R) : pN S = 0}.

Slogan. Localization deletes the primes that meet S and keeps the rest.

Examples.

= Spec(Z)) = {(0), (p)} — two points, local.
= Spec(Z[1/p]) = Spec(Z) \ {(p)} - all primes except (p), not local.



Corollary: Root Bound over Domains
Let D be an integral domain and let 0 # f € D][z] have degree n.

Then f has at most n zeros in D.
Proof: embed D into its fraction field K = Frac(D) and view f in K|[z].

The field theorem applies in K[z], so the same bound holds for zeros lying in D.



Counterexample: Rings with Zero Divisors
In Z12,

z®> — 5z +6 = (z — 2)(z — 3).

But this degree 2 polynomial has four zeros:
In Zg,
The roots are

Both examples have degree 2 and four roots.
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Local Rings and Laurent Polynomials



Definition: Local Rings

Definition. A commutative ring with unity R is local if it has a unique maximal ideal.

One main example today:

Fleloo = { 253 :9(0) £0}.

It consists of rational functions defined at a.



Example: Z Localized at p

Terminology. For a prime p C R, the localization of Ratpis R, := S 'Rwith S = R\ p.

Fix a prime number p. Apply with R =7Z,p = (p),so S =Z\ (p) ={n € Z : p{n}:
Z(p):{%EQ:pJ[b}.

We invert every integer not divisible by p.

But we do not invert p.



The Maximal Ideal of Z(p)

The units are exactly

(2w)" = {5 :pta p1b}.

The non-units are exactly
a
pZ(p) = {E Db | a, pr}

Thus Zp) is local, with unique maximal ideal pZ ).



Z(p) Vs. Z[l/p]

The notation is easy to confuse.

Localizing at (p) means

Inverting p gives a different ring:

Among ordinary primes, only p remains non-invertible in Z(p).



Proposition: The Maximal Ideal of F'|z|(,_,)

The unique maximal ideal is

m—{§§§ f(a) =0, g(a)#o}.

So

m, = functions vanishing at a.

This is the local version of the ideal (z — a) C F'[z].



Definition: Valuation as Order of Vanishing
For0 # f € F|z], define

va(f) = max{m : (& — @)™ | f()}.

We also set

Examples:
vo(2*(z + 1)) = 3,

va((z — 2)*(z + 5)) = 4.



Proposition: Valuation Rules

The order of vanishing satisfies:
va(£9) = va(f) + va(9),
and
vo(f + g) = min{v,(£), va(g)}-

This introduces valuation language.



Definition: Laurent Polynomial Ring

The Laurent polynomial ring is

Flt,t7] = {Zaiti:m,nGZ, a; GF}.

It is obtained from F'[t] by making t invertible.

So it contains

N



Proposition: Units in F'[t, ¢ ']
The units are exactly
Ft,t7 '] = {ct":c€ F*, n € Z}.
In particular, £ is a unit.
So

(t) = F[t,t7'].



Ideals After Inverting ¢

Think of
Flt,t™ 1 = F[t]t 1]

Every ideal of F[t,t 1] comes from an ideal of F[t] after t is made invertible.

So factors of £ no longer matter:

(tf(®) = (f(t)) inF[t,¢7"].



Principal Ideals in F'[t, ¢ ]
Since F[t] isa PID, F[t,t 1] is also a PID.
Every nonzero ideal has the form

()
where f(t) € FI[t] and £(0) # 0.
Example:

3t —2) (2 +1)) = ((t—2)(t* +1)).



Maximal Ideals in F'[t,t ]

The maximal ideals are

(a(t)),

where q(t) € F'[t] isirreducible and ¢(0) # 0.
The condition ¢(0) # 0 says that q is not a multiple of £.

Equivalently, these are the maximal ideals of F'[t] that do not meet

{1,t,¢%,...}.



Linear Maximal Ideals in F'[t, ¢ ']

Fora € F*, evaluation at a gives
Flt,t '] = F, twa.

lts kernel is

So (t — a) is maximal.
Buta = 0 is not allowed, because ! cannot be evaluated at 0.

If F'is algebraically closed, these are all maximal ideals.



Example: Valuation on Laurent Polynomials

For a nonzero Laurent polynomial, define v; as the lowest exponent of ¢, and set v:(0) = oo.

Example:
v (372 + 5+ 1) = —2.

Negative valuation means a pole att = 0.



